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Abstract
We consider production of overall neutral pairs consisting of heavy D(∗) or B(∗)
meson and antimeson in the processes, where the pair can be created in an S-wave,
such as e+e− → pi0D∗D¯(∗) and e+e− → γ D(∗)D¯(∗), and similar reactions with B(∗)
mesons. The ratio Rc/n of the yield of pairs of charged mesons to that of neutral mesons
near the threshold for the heavy pair is strongly affected by the isospin breaking due to
the isotopic mass differences and due to the Coulomb interaction between the charged
mesons. The actual behavior of the isospin breaking in Rc/n is also sensitive to the
strong interaction between the heavy mesons, so that experimental measurement of
this ratio can be used as a probe of this strong interaction. We calculate Rc/n at and
very near the threshold in terms of the isotopic scattering lengths for the meson pairs.
In particular we find that the yield of pairs of charged mesons does not go to zero at
exactly the threshold, but rather starts with a finite step, whose height depends on the
value of the scattering length in a particular channel.
Recent experimental data have revealed existence of a considerable number of peaks near
the thresholds for pairs of mesons containing heavy c or b quarks. Such are the Zb(10610)
and Zb(10650) resonances [1] at respectively the BB
∗ and B∗B∗ thresholds in the bottomo-
nium sector, and the X(3872) and the recently observed peaks Zc(3900) [2, 3], Zc(3885) [4],
Zc(4020) [5] and Zc(4025) [6] near the DD
∗ and D∗D∗ thresholds. Some, if not all, of
these peaks are related to the strong-interaction dynamics in the S-wave of a heavy meson-
antimeson pair. It is thus highly likely that this dynamics will present a feature rich field
for further experimental and theoretical studies. The S wave states of meson-antimeson
pairs are not directly produced in e+e− annihilation, but are still observable after emission
of a pion or a photon with the added benefit that spectra of invariant masses for the heavy
meson pairs can be observed at a fixed energy of the e+e− beams. These spectra can be
studied practically down to the threshold, where the S-wave production dominates the yield.
Clearly, the emission of pion produces the meson pair in a different isotopic and charge parity
state than emission of a photon, so that a number of possible channels can be studied, even
if the orbital motion is restricted to only one partial wave.
In this paper we address the charged-to-neutral ratio Rc/n of the yield of heavy meson
pairs in the processes of the type e+e− → pi0D∗D¯(∗) and e+e− → γ D(∗)D¯(∗) and similar
processes with the B(∗) mesons very near and exactly at the threshold for the corresponding
pair of charged mesons. The deviation of this ratio from the value, determined by the
isotopic properties of the source of the pairs, due to the isospin-violating mass differences
within the isotopic doublets of heavy mesons and due to the Coulomb interaction between
the charged mesons is most significant near the threshold 1. Furthermore, it has been argued
previously [7, 8, 9] that the specific expressions for the isospin-violating effects in the charged-
to-neutral yield ratio are sensitive to the strong-interaction scattering phases and can thus
serve as a probe of the force between the heavy mesons. The formulas for the dependence of
Rc/n on the scattering phases were found for a P -wave [8] and for an S-wave [9] production
in the first order in the isospin-violating mass and electric charge differences. Given that the
effect of these differences grows as the energy decreases towards the threshold, the available
expressions are not applicable very near or at the threshold where this effect is the largest
and, hopefully, is more readily measurable. For this reason we derive here the expressions
for Rc/n that are valid to all orders in the isotopic mass difference and in the Coulomb
1Clearly the isotopic mass difference is not essential for the B and B∗ mesons where it is known to be
very small, but the Coulomb interaction gives rise to a significant effect in Rc/n [9].
1
interaction between the charged mesons. Our treatment is complementary to the previous
studies in that it is applicable at low energy above the threshold in the center of mass of the
heavy meson pair, where the scattering between the mesons can be described in the S-wave
within the small interaction radius approximation [10] in terms of the scattering lengths a0
and a1 in the channels with definite isospin. We find in particular that due to the Coulomb
attraction the yield of pairs of charged mesons does not go to zero at exactly the threshold,
but rather starts with a finite step, at which the ratio Rc/n for charmed mesons is generally
comparable to one with the specific value being determined by the isotopic mass difference
and the appropriate strong scattering length.
In what follows we start with describing the approach to the problem and first derive
the expression for Rc/n in the case where the meson pair is produced by an isotopically pure
source, such as e.g. I = 1 source in e+e− → pi0D∗D¯(∗). We then consider the case of an
isotopically mixed source such as in the process e+e− → γ D(∗)D¯(∗) where the photon can be
emitted by the current of light quarks.
In the small interaction radius approximation (see e.g. in the textbook [10]) it is assumed
that the strong interaction is limited to distances r between the mesons shorter than an
effective radius r0. At r < r0 the potential for the strong interaction is assumed to be much
larger than the isospin violating terms and also much larger than the variation of the center
of mass energy E from the threshold in the range where the discussed approximation is
considered. The former assumption implies that the interaction at r < r0 depends only on
the isospin, and that in this ‘inner’ region the system with a fixed orbital momentum is
described by the radial wave functions with definite isotopic spin: φ0(r) for I = 0 and φ1(r)
for I = 0. In the absence of any sources these functions should be regular at r = 0. We
use throughout this paper the notation φ(r) = r R(r) with R(r) being the radial part of the
solution of the three-dimensional Schro¨dinger equation in a given partial wave, so that in
the S-wave the regularity implies φ0,1(0) = 0. These solutions to the ‘inner’ problem are
to be matched to the ‘outer’ wave functions at r = r0, so that the matching conditions are
determined by their logarithmic derivatives at r0:
φ′0(r)/φ0(r)|r=r0 = −κ0, φ′1(r)/φ1(r)|r=r0 = −κ1. (1)
In the energy range that is much smaller than the potential of the strong interaction in either
of the isotopic channels the dependence of the wave functions φ0 and φ1 on the specific value
of the energy can be neglected, so that the constants κ0,1 can be considered as independent
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of the energy. At r > r0 the strong force can be entirely neglected, and the wave functions
for the meson pairs are described either by a free particle Schro¨dinger equation for neutral
particles, or by the motion in the Coulomb potential for the charged mesons. The solutions
to these ‘outer’ equations are to be used for matching at r = r0 the logarithmic derivatives in
Eq.(1). In the limit where the mass differences and the Coulomb interaction are neglected,
the isotopic symmetry is exact for the outer problem as well, and the solutions for the
outer problem are simply the plane waves exp(±ipr) with p being the momentum of each
of the mesons in the center of mass frame. Furthermore, at low energy above the threshold
the momentum is also small, so that pr0 ≪ 1 and (for the ‘outer’ functions) the matching
conditions can be considered as shifted from r = r0 to r = 0. In this limit one thus readily
finds the well known expressions for the scattering amplitudes in the channels with definite
isospin [10]
f0 = − 1
κ0 + i p
, f1 = − 1
κ1 + i p
, (2)
so that the scattering length [defined as −f(p → 0)] in each channel is the inverse of the
corresponding κ:
a0,1 =
1
κ0,1
. (3)
The expressions (2) correspond to the scattering phases δ0 and δ1 in the isotopic channels
given as
cot δ0,1 = −κ0,1
p
. (4)
This relation shows the deficiency of using the scattering phases for discussion of isospin
violating effects beyond the first order. Indeed, once e.g. the isotopic mass difference between
the mesons is taken into account, the momentum p for the pair of neutral mesons, pn, is
different from that for the pair of charged ones, pc. As a result the notion of the scattering
phases for definite isospin becomes ambiguous, and this ambiguity is determined by the ratio
of the mass difference to the excitation energy above the threshold. On the contrary, the
isotopic parameters κ0,1 (or, equivalently, the scattering lengths) are stable as long as the
isospin violating terms are small in comparison with the energy of the strong interaction in
the ‘inner’ region and can be neglected. (A further discussion of the scattering amplitudes
for the DD¯∗ meson pairs in this approximation with the isotopic mass difference taken into
account can be found in Ref. [11].)
Proceeding to our derivation of the formulas for Rc/n we start with neglecting the
Coulomb effect and considering only the isospin violation by the isotopic mass difference
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in a process, where the heavy meson pair is produced by an isotopically pure source. For
definiteness we consider a source producing the heavy meson pairs in the I = 1 state, as
is the case, we believe to a good accuracy, for the processes e.g. e+e− → pi0DD¯∗ and
e+e− → pi0D∗D¯∗. Unlike in the scattering problem, the relevant for the production pro-
cess wave functions contain only outgoing waves. Denoting φc(r) (φn(r)) the ‘outer’ wave
function for the pair of charged (neutral) mesons, one can formulate the problem as that of
finding the solution that up to an overall normalization factor (common for φn and φc) at
r > r0 reads as
φc(r) = b1 exp(ipcr), φn(r) = exp(ipnr) , (5)
where the notation b1 implies that this coefficient arises in a situation where the source is a
pure isovector. The ratio of the outgoing fluxes in the waves in Eq.(5) determines the ratio
Rc/n:
Rc/n =
pc
pn
|b1|2 , (6)
so that the problem reduces to finding the coefficient b1.
As different from the scattering problem, in the production process there is an isovector
source coupled to the I = 1 function φ1. We consider here the case where the source is
located within the region of the strong interaction, i.e. at r < r0. This appears to be a
reasonable assumption for the practical experimental conditions. Indeed, the emission of
the pion is a strong interaction process with the corresponding distance scale, and the only
‘smearing’ of the source could arise for soft pions from the pion Compton wave length. In the
actual measurements at the e+e− energy
√
s ≈ 4.26GeV and above the pion momentum for
the production of the charmed meson pairs at the threshold is at least as large as 0.2GeV, so
that the corresponding characteristic distance is also comparable to the scale of the strong
interaction. Thus the isovector ‘inner’ wave function φ1 is not a solution of the ‘inner’
problem without a source, and the second of the boundary conditions in Eq.(1) should not
be used. However the isoscalar channel is not affected at r < r0 by the source, and the
isoscalar function φ0(r) is not changed and satisfies the first of the relations in Eq.(1). Thus
the isoscalar combination of the wave functions (5), φ0 = φc + φn should still satisfy this
boundary condition at r = r0. Shifting, as before, the matching point to r = 0, one readily
finds the expression for the coefficient b1:
b1 = −κ0 + ipn
κ0 + ipc
, (7)
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so that
Rc/n =
pc
pn
κ20 + p
2
n
κ20 + p
2
c
. (8)
Including the effect of the Coulomb attraction between the charged mesons amounts to
replacing the outgoing plane wave exp(ipcr) in the ‘c’ channel with the exact solution in
the Coulomb potential VC = −α/r which asymptotically at r → ∞ is an (appropriately
normalized) outgoing wave. This solution is well known (and can be found e.g. in the
textbook [10]) and is given by
g(r) = −2i pcr exp(ipcr)
[
1− exp(−2piλ)
2piλ
]1/2
Γ(1− i λ)U(1− i λ, 2,−2i pcr) , (9)
where U(a, b, z) is the standard confluent hypergeometric function of the second kind, and λ
stands for the Coulomb parameter, λ = mα/pc, with m being the reduced mass for the pair
of charged mesons, e.g. m ≈ 1.005GeV for the D∗+D∗− pair and m ≈ 0.97GeV for D+D∗−.
The solution in Eq.(9) at large r describes an outgoing wave with the flux normalized to pc,
while its expansion at small r reads as
g(r) = i ξ pcr +
1
ξ
{1− 2pcrλ [log(2pcr) + 2γE − 1 + Reψ(i λ)]}+O(r2 log r) , (10)
where γE ≈ 0.5772 is the Euler constant, ψ(z) = Γ′(z)/Γ(z) is the logarithmic derivative of
the Gamma function, and ξ is introduced for notational simplicity as
ξ =
[
2piλ
1− exp(−2piλ)
]1/2
, (11)
so that ξ2 is the well known Sommerfeld factor for the Coulomb attraction.
As it can be seen from Eq.(10), the derivative of the real part of the wave function g(r)
has a logarithmic singularity at r → 0. Therefore in the matching conditions the distance
r0 in this logarithmic term should be kept finite, while in the rest of the terms it can still be
replaced by zero. The coefficient b1 is then readily found from the matching conditions as
b1 = −ξ κ0 + ipn
κ0 − 2mα [log(2pcr0) + 2γE + Reψ(i λ)] + ipcξ2 . (12)
The final expression for the ratio Rc/n with a purely isovector source is thus given by
Rc/n =
pc
pn
2pimα/pc
1− exp(−2pimα/pc) × (13)
κ20 + p
2
n
{κ0 − 2mα [log(2pcr0) + 2γE + Reψ(imα/pc)]}2 + p2c (2pimα/pc)2/[1− exp(−2pimα/pc)]2
.
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The discussed treatment can be readily adapted for the case of an isoscalar source of the
heavy meson pairs. Indeed, in this case it is the isovector wave function φ1 which satisfies at
r < r0 the Schro¨dinger equation without source, so that the isovector combination φc − φn
of the wave functions in the two channels, describing at r > r0 the outgoing waves,
φc(r) = b0 g(r) , φn(r) = exp(ipnr) , (14)
has to satisfy at r = r0 the second boundary condition in Eq.(1). Using the explicit expression
(10) for the Coulomb modified wave function, one then readily finds
b0 = ξ
κ1 + ipn
κ1 − 2mα [log(2pcr0) + 2γE + Reψ(i λ)] + ipcξ2 (15)
and, accordingly, the ratio Rc/n is given by the same expression as in Eq.(13) with κ0 replaced
by κ1.
The expressions (12) and (15) are valid to all orders in the isotopic mass difference, i.e.
the difference between pc and pn at a given energy, and in the Coulomb interaction between
the charged mesons. It can be mentioned that in the limit of a perfect isotopic symmetry
(pc = pn and α → 0) one finds b1 = −1, b0 = 1 and Rc/n = 1 in both cases. If the
isotopic mass difference is nonzero, but in the limit, where there is no strong interaction
(formally corresponding to a zero scattering length, i.e. κ → ∞) the usual phase space
ratio Rc/n = pc/pn is recovered, provided that the Coulomb interaction is neglected. If the
Coulomb attraction is accounted for in this limit, one recovers the well known Sommerfeld
factor for the Coulomb enhancement of the production rate. At finite κ0 the first order
term of expansion of the expression (13) in the isotopic mass difference and in α matches
the previously known formula [9], if the relation (4) for the phase shifts δ0,1 in terms of
κ0,1 is also used. Furthermore, in the discussed here approach it is quite natural that the
isospin-violating effects in the ratio Rc/n for production by an isotopically pure source, i.e.
with either I = 0 or I = 1, are influenced by the strong interaction in the orthogonal
isospin channel, i.e. I = 1 or I = 0, respectively. This property, found in the first-order
treatment [8, 9], persists in all orders in the discussed isospin breaking terms, and can be
used for studying the strong interaction between the heavy mesons in the isotopic states that
may not be readily accessible [9].
The general case of an isopically mixed source of heavy meson pairs can be considered
using our previous formulas for the isotopically pure sources. Indeed, let A0 and A1 denote
the production amplitudes for the meson pairs in the corresponding isotopic states. These
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amplitudes define the overall normalization factors multiplying the expressions (5) and (14)
for the outgoing waves at r > r0:
φc(r) = (A0 b0 − A1 b1) g(r) , φn(r) = (A0 − A1) exp(ipnr) , (16)
where the sign of A1 is chosen for consistency with the conventions of Ref. [8]. The full pro-
duction amplitude is a linear superposition of two isotopic amplitudes. Thus the individual
terms can be found by setting either A0 or A1 to zero, which reduces the problem to the case
of isotopically pure source. Thus the coefficients b0 and b1 are exactly the ones given by the
expressions (12) and (15), so that the ratio of the amplitudes of the waves in the ‘c’ and ‘n’
channels is given by
bm =
A0 b0 −A1 b1
A0 −A1 , (17)
and the ratio Rc/n of the fluxes in this situation is found as
Rc/n =
pc
pn
∣∣∣∣∣A0 b0 −A1 b1A0 −A1
∣∣∣∣∣
2
. (18)
It is instructive to illustrate the significance of the discussed effects in Rc/n with numerical
estimates. We present here such estimates for the case of the charmed meson pairs produced
in the processes e+e− → pi0 +D∗D¯∗ and e+e− → pi0 + (DD¯∗ + c.c.). In these reactions the
heavy meson pair is produced in the I = 1 state, so that the charged-to-neutral yield ratio is
determined by the strong interaction parameters κ0 and r0 according to the relation (13). In
fact the dependence in Eq.(13) on the effective radius r0 is very weak as long as r0 is much
smaller than the ‘Bohr radius’ for the system of D(∗) mesons: r0 ≪ 1/mα ≈ 27 fm, which is
certainly the case. For this reason we fix r0 at 1 fm, and make estimates for a ‘representative’
range of values for the parameter κ0, which parameter is currently unknown, and which is
generally different for D∗D¯∗ and DD¯∗ systems. The resulting behavior of the ratio Rc/n near
the threshold for D∗D¯∗ is shown in Fig. 1.
The most characteristic feature, as readily seen from the plots, is that the ratio Rc/n
does not go to zero at exactly the threshold in the invariant mass of the meson pair 2, but
rather starts with a finite step. The particular value of Rc/n at this point depends on κ0 as
illustrated in Fig. 2, and also weakly depends on the radius r0, which is fixed at r0 = 1 fm
2Clearly, this essentially due to the fact that the product pcξ
2 at pc → 0 approaches a finite value
2pimα ≈ 45MeV, which is not small in comparison with the momentum of the neutral pair pn at the same
invariant mass (e.g. pn ≈ 115MeV for D∗0D¯∗0 at the threshold of D∗+D∗−).
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Figure 1: The charged-to-neutral yield ratio Rc/n for the D∗D¯∗ pairs produced in e+e− →
pi0D∗D¯∗ near the threshold. The plots are calculated using Eq.(13) with r0 = 1 fm and a
set of different values of κ0: -100MeV (solid), 100MeV (dashed), 200MeV (dot-dashed).
The dotted curve is for the limit of no strong interaction between the mesons, formally
corresponding to κ0 →∞.
in Fig. 2. One can readily see that the behavior of the starting threshold values of Rc/n for
the two types of the charmed meson pairs is very close. Thus any experimentally measured
significant difference of these values would reveal a dissimilarity in the strong interaction
between the isoscalar channels DD¯∗ and D∗D¯∗ with the quantum numbers JPC = 1+−.
In summary. We have considered the interplay between the isospin violating mass dif-
ferences, the Coulomb interaction and the strong scattering in the threshold behavior of
the charged-to-neutral yield ratio Rc/n for the S-wave production of overall neutral pairs of
heavy D(∗) or B(∗) mesons. The expressions (12), (15) and (13) for this behavior take into
account all orders in the mass differences and in the Coulomb interaction and are derived
in the limit where the strong scattering of heavy mesons can be described by the scattering
lengths in the isoscalar and isovector channels, which description is appropriate for the near-
threshold behavior in the S wave. The considered here production processes can be observed
experimentally in the reactions such as e+e− → pi0D∗D¯(∗) and e+e− → γ D(∗)D¯(∗), a study
of which appears to be well within the capabilities of the current BESIII experiment. In
particular we find that the onset of the yield of pairs of charged mesons starts with a finite
step at the threshold. The height of the step is sensitive to a strong scattering length, and
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Figure 2: The dependence on κ0 of the value of R
c/n at exactly the threshold for D∗+D∗−
(solid) and for D+D∗− (D−D∗+) (dashed).
its measurement can be used as a probe of strong interaction between the heavy mesons.
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